This paper characterizes the boundedness and compactness of the differences of weighted differentiation composition operators acting from the α-Bloch space B α to the space H ∞ of bounded holomorphic functions on the unit disk D.
Introduction
(1 − |z| 2 ) α | f (z)| < ∞. We refer the readers to the excellent monograph [1] , and the article [21] about the Bloch-type spaces.
Let ϕ ∈ S(D), u ∈ H(D), n ∈ N, we consider the weighted differentiation composition operator D n ϕ,u , D n ϕ,u f = u(z) f (n) (ϕ(z)), which is the product of three operators, the composition operator C ϕ , the order n derivative operator D n , and the multiplication by u operator M u . If n = 0 and u = 1, D n ϕ,u becomes the composition operator C ϕ on H(D). If n = 0, we get the weighted composition operator uC ϕ defined as uC ϕ f = u f (ϕ). If u = 1 and ϕ(z) = z, then D n ϕ,u reduces to the the differentiation operator D n . The boundedness and compactness of differentiation composition operator between spaces of holomorphic functions have been studied extensively. For example, Hibschweiler and Portnoy [4] studied C ϕ D between Bergman and Hardy spaces. Wu and Wulan [19] gave a new compactness criterion for C ϕ D n on the Bloch space. Recently, the weighted differentiation composition operator between different holomorphic function spaces has also been investigated by several researchers [10, 13, 20] .
Motivated by the research in the topological structure of the set C(H 2 ) of composition operators on H 2 with the operator norm topology, the difference of two composition operators, i.e. an operator of the form C ϕ − C ψ , where ϕ, ψ are analytic self-maps of D, was first investigated in the case of H 2 in [15] . Shortly after, the differences of (weighted) composition operators were characterized by many researchers. MacCluer, Ohno and Zhao [11] showed that the compactness of C ϕ − C ψ : H ∞ → H ∞ is equivalent to the compactness of C ϕ −C ψ : B → H ∞ . Also C ϕ and C ψ are in the same path component of the space of composition operators on H ∞ if and only if C ϕ − C ψ : B → H ∞ is bounded. Hosokawa and Ohno [7] not only provided new results about the boundedness and compactness of the differences of two weighted composition operators from B to H ∞ on D, but also estimated the essential norms of the differences of two (weighted) composition operators from B to H ∞ . Soon after Song and Zhou [16] improved such characterizations for the high dimensional cases. For further references and details about the difference of two (weighted) composition operators, see [2, 3, 5, 6, 9, 14, 17, 18] .
In this paper, our goal is to investigate the boundedness and compactness of the differences of weighted differentiation composition operators from
Throughout the remainder of this paper, C will denote a positive constant, the exact value of which varies from one appearance to the next. A B, A B, A B mean that there exist different positive constants C such that B/C ≤ A ≤ CB, A ≤ CB, CB ≤ A.
Notations and Lemmas
In order to handle the differences of weighted differentiation composition operators we need the pseudohyperbolic metric. Recall that, for any a, z ∈ D, σ a (z) = a−z 1−az is the Möbius transformation of D which interchanges the origin and a. The pseudo-hyperbolic metric is given by ρ(z, a) = |σ a (z)|. Moreover, we have that σ a (z) = |a| 2 −1 (1−az) 2 . Our main results are based on the following lemmas. 
Remark 2.3. For more general weights, the result can be found in [9] . Lemma 2.4. For n ∈ N, and z, w ∈ D, there exists a constant C > 0 such that for all f ∈ B α ,
Proof. From Lemma 2.1 and Lemma 2.2, we get this inequality obviously.
The following criterion for the compactness is a useful tool and it follows from standard arguments, see 
Then f a (z) ∈ B α and f (n)
(ii) For z ∈ D and a ∈ D with a 0, let
.
Taking z = 0, we have
So a (z) ∈ B α , in other words there exists a constant C > 0 such that a α ≤ C.
In order to state our main results conveniently, we define some sets as follows.
The boundedness of
Then the following statements are equivalent:
(iii) Condition (2) and
If ϕ(ω) = 0, (4) shows ∞ > |u(ω)ψ(ω)| = |I 1 (ω)|ρ(ϕ(ω), ψ(ω)).
Next, we consider another case ϕ(ω) 0. For a ∈ D with a 0, set
and
Multiplying (6) by ρ(ϕ(ω), ψ(ω)), then adding (7) gives for all ω ∈ D with ϕ(ω) 0
Therefore, by (5) and (8), condition (1) holds. If we change ψ(ω) into ϕ(ω) for the function k ω (z), ϕ(ω) into ψ(ω) for the functions f ϕ(ω) (z), ϕ(ω) (z), we can show that (3) holds.
To prove (2), using function f a (z) , by Lemma 2.6, we have
(9) and (3) guarantee
If ϕ(ω) = 0 and 1 > |ψ(ω)| ≥ 1 2 , then ρ(ϕ(ω), ψ(ω)) = |ψ(ω)| ≥ 1 2 . By conditions (1) and (3), we can deduce directly
≤ |I 1 (ω)|ρ(ϕ(ω), ψ(ω)) + |I 2 (ω)|ρ(ϕ(ω), ψ(ω)) < ∞.
Let f (z) = z n n! . Since Taylor expansion, 1 − (1 − |ψ(ω)| 2 ) n+α−1 ≤ C|ψ(ω)|. If ϕ(ω) = 0 and |ψ(ω)| < 1 2 , then
Applying the above inequality with (3), we obtain
Thus by (10), (11) and (12), we conclude that (2) holds for all ω ∈ D.
(ii) ⇒ (iii). Suppose that the conditions (1) and (2) hold. Then ϕ,u f k ∞ → 0 as k → ∞. Without loss of generality, we assume that f k α ≤ 1. (13) implies that, for any ε > 0, there exists r ∈ (0, 1), such that when r < |ϕ(z)| < 1, we have
On the other hand, Lemma 2.1 gives
Since D n ϕ,u : B α → H ∞ is bounded, Corollary 3.2 states that sup z∈D |I 1 (z)| < ∞.
Also, since f k converges to 0 uniformly on compact subsets of D, Cauchy's estimate gives that f (n) k converges to 0 uniformly on compact subsets of D. Therefore, there exists N ∈ N, such that k > N implies that sup |ϕ(z)|≤r
By (14) and (15),
It follows that the operator D n ϕ,u : B α → H ∞ is compact. To prove the converse, assume that D n ϕ,u : B α → H ∞ is compact. Then it is obvious that D n ϕ,u : B α → H ∞ is bounded. Let z k be a sequence in D such that ϕ(z k ) → 1 as k → ∞. If we choose test function f k (z) = 1 − |ϕ(z k )| 2 (ϕ(z k )) n α · · · (α + n − 1)(1 − zϕ(z k )) α , since |1 − zϕ(z k )| ≥ 1 − |z|, clearly f k converges to 0 uniformly on D as k → ∞. Hence f k converges to 0 uniformly on compact subsets of D. Lemma 2.5 implies
Since z k ∈ D is arbitrary, (13) follows. 
Proof. Sufficiency. Suppose that the four conditions hold. If D n ϕ,u − D n ψ,v : B α → H ∞ is not compact, via Theorem 4.1, there exists a bounded sequence { f j } ∈ B α such that f j B α 1 and converges to 0 uniformly on every compact subset of D.
This implies that either |ϕ(z j )| or |ψ(z j )| tends to 1. In order to prove this, assume that |ϕ(z j )| → 1. Let ω ∈ D be a limit point of |ψ(z j )|. Passing to a subsequence, if necessary, we may assume that |ψ(z j )| → ω.
By the definition of G u,ϕ , clearly, |I 1 (z j )| → 0. Moreover, by Cauchy's estimate, |ω| < 1 yields | f (n) j (ϕ(z j ))| → 0 as j → ∞. Therefore
By (a), we have {z j } G v,ψ . Using Cauchy's estimate again, it follows that
Combining (17) and (18), we get a contradiction to (16) . Thus |ω| can only be 1. Hence |ϕ(z j )|, |ψ(z j )| tend to 1, and so {z j } ⊂ Γ ϕ Γ ψ . The assumptions (b) and (d) imply that
We arrive at a contradiction to (16) again. So under the assumption and conditions (a) − (d), D n ϕ,u − D n ψ,v :
Necessity. If D n ϕ,u : B α → H ∞ is not compact, by Theorem 4.1, there exists a sequence {z j } ∈ G u,ϕ with |ϕ(z j )| → 1 such that |I 1 (z j )| 0. For ω j = ϕ(z j ), define f ω j , ω j as in Lemma 2.6. For |1 − zω j | ≥ 1 − |z|, it is easy to check that f ω j , ω j converge to 0 uniformly on every compact subset of D as j → ∞. Since D n ϕ,u − D n ψ,v : B α → H ∞ is compact, by Lemma 2.5, as j → ∞, we obtain
Multiplying (19) by ρ(ω j , ψ(z j )), and combining it with (20) , we find lim j→∞ |I 1 (z j )|ρ(ω j , ψ(z j )) = 0.
Since |I 1 (z j )| 0, we see that (22) and (3), we have lim j→∞ |I 2 (z j )|ρ(ω j , ψ(z j )) = 0.
In addition, we know
as j → ∞. Hence by (23) and (24), we get
Hence, from (22) and (25), we have G u,ϕ ⊆ G v,ψ . Similar to the above proof, we conclude that G u,ϕ ⊇ G v,ψ . Therefore G u,ϕ = G v,ψ . Meanwhile, (b), (c) and (d) can be got from (21), (23) and (25), respectively, where {z j } ⊂ Γ ϕ Γ ψ with |I 1 (z j )| 0. Next, for ∀{z j } ⊂ Γ ϕ Γ ψ with |I 1 (z j )| → 0 as j → ∞, we will prove (b), (c) and (d). First we can easily get lim j→∞ |I 1 (z j )|ρ(ϕ(z j ), ψ(z j )) = 0.
On the other hand, using f ψ(z j ) which defined as Lemma 2.6, for |1 − zψ(z j )| ≥ 1 − |z| and {z j } ⊂ Γ ϕ Γ ψ , it is easy to check that f ψ(z j ) converge to 0 uniformly on every compact subset of D as j → ∞. Lemma 2.5 implies that
ψ(z j ) (ϕ(z j )) − I 2 (z j )| = |I 1 (z j )(1 − |ϕ(z j )| 2 ) α+n−1 f (n) ψ(z j ) (ϕ(z j )) − I 2 (z j ) + I 1 (z j ) − I 1 (z j )| = |I 1 (z j )(1 − |ϕ(z j )| 2 ) α+n−1 f (n) ψ(z j ) (ϕ(z j )) − I 2 (z j ) + I 1 (z j ) − I 1 (z j ) (1 − |ψ(z j )| 2 ) α+n−1 (1 − |ψ(z j )| 2 ) α+n−1 | = |I 1 (z j )(1 − |ϕ(z j )| 2 ) α+n−1 f (n) ψ(z j ) (ϕ(z j )) − I 2 (z j ) + I 1 (z j ) − I 1 (z j )(1 − |ψ(z j )| 2 ) α+n−1 f (n) ψ(z j ) (ψ(z j ))| ≥ |I 1 (z j ) − I 2 (z j )| − |I 1 (z j )||(1 − |ϕ(z j )| 2 ) α+n−1 f (n) ψ(z j ) (ϕ(z j )) − (1 − |ψ(z j )| 2 ) α+n−1 f (n) ψ(z j ) (ψ(z j ))| ≥ |I 1 (z j ) − I 2 (z j )| − |I 1 (z j )|ρ(ϕ(z j ), ψ(z j )) as j → ∞.
By (26), clearly we can obtain lim j→∞ |I 1 (z j ) − I 2 (z j )| = 0.
So, for ∀{z j } ⊂ Γ ϕ Γ ψ with |I 1 (z j )| → 0 as j → ∞, |I 2 (z j )| converges to 0 as j → ∞, too. Therefore lim j→∞ |I 2 (z j )|ρ(ϕ(z j ), ψ(z j )) = 0.
The theorem is established.
